
Math 121 (Lesieutre); 8.3 & 8.4: Law of cosines, area; November 15, 2017

1. Last time we learned the law of sines. This lets you “solve a triangle” any time you know both a side and the
opposite angle. (Remember too that if you know two angles, you can solve for the third: they add up to 180◦).

That leaves two cases that aren’t covered (SAS, SSS), and we need another trick to solve the triangle. It’s provided
by the law of cosines:

c2 = a2 + b2 − 2ab cosC

b2 = a2 + c2 − 2ac cosB

a2 = b2 + c2 − 2bc cosA

2. Let’s give the proof in the case that we’re dealing with an acute triangle.
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a) Find the coordinates of the three vertices of the triangle. (Take the bottom left one to be (0, 0).)

b) Now, use the distance formula: d2 = (x2 − x1)
2 + (y2 − y1)

2. Use this to find a formula for c2 based on your
answer to the previous problem.

3. Let’s try to solve some triangles. (You’re going to need to take inverse cosine, so a calculator may come in
handy.)
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b) b = 4, c = 1, A = 120◦.



4. On a flight from Chicago to Louisville (330 miles), a pilot set a course that was 10◦ off, as in the picture.
Suppose that the aircraft maintains a speed of 220 miles per hour, and the error is discovered after 15 minutes.
What angle does the people need to turn it point back at Louisville? To finish the trip in 90 minutes total, what
speed should the pilot maintain?

5. Now let’s suppose that we wanted to find the area of a triangle, given the information of SAS or SSS. Suppose
that a, b, and C are given, as in the figure below. Can you find a formula for the area? (Hint: find h first.)
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6. Use the formula from the previous problem to find the area of the triangle illustrated.

B 30◦

C
3a

4

7. The most difficult case for the area is SSS. (Notice that you can find the angles in this case: start with the law
of cosines.) There’s a formula for the area, called Heron’s formula. Let s = 1

2(a + b + c) be half of the perimeter
of the triangle (s stands for semiperimeter).

A =
√
s(s− a)(s− b)(s− c)

8. The dimensions of a standard-issue MLB home plate are shown below. Find the area. (Warning: the angle at
the top is not quite a right angle! It’s about 90.2◦. So you really do need to use Heron’s formula.)
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