
Math 121 (Lesieutre); §5.7 & §5.8; September 20, 2017

1. We are going to start with Financial Models. You have likely seen the Simple Interest Formula
I = Prt.

a) How does simple interest compare to compounded interest?

Simple interest is computed just a single time per year. In compounded interest, it’s computed more often,
with the effect that interest is paid on the previous interest.

Let me explain with an example. Let’s say interest is 2% per year, compounded monthly, and we start
with 300 dolars.

At the end of each month, our money gets multiplied by a factor of 1 + rt. The rate is 0.02, and the time
is 1/12, since it’s one month and our unit is years. This makes the factor.

1 +
0.02

12

However, this happens n times per year. If this goes for 7 years, we multiply our money by this factor
7 · 12 times. The total amount is

A = 300

(
1 +

0.02

12

)12·7

b) If n represents the number of times per year interest will be compounded, P is the principal, r the
interest rate, and t is the time it accrues interest (number of years, in these examples), then we can come
up with a compounding interest as follows.

You can probably guess the general formula by now:

A = P
(

1 +
r

n

)nt

2. A few lectures ago, we looked at a limit definition of e. This can be used to obtain a formula for
Continuous Compounding.

A = Pert

3. $10,000 was invested for 5 years at 4% interest. Find the amount in the account if it was compounded
in the following ways.

a) annually

The amount is simply

A = 10000

(
1 +

0.04

1

)1(5)

= 10000(1.04)5

≈ $12, 166.53.
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b) monthly

This time it’s

A = 10000

(
1 +

0.04

12

)12(5)

= 10000(1.0033333)60

≈ $12, 209.97

c) continuously

For this one, the formula gives us

10000e0.04·5 = 10000e0.2 ≈ $12214.03

4. As you hopefully notice, the more frequently interest is compounded, the more money you end up with.
This difference can be described using the effective rate, which shows in effect, what simple annual interest
rate is being used.

5. How many years would it take an investment of $10,000 to double, if it is invested at 5% interest
compounded continuously?

20, 000 = 10, 000e0.05t

2 = e0.05t

ln 2 = 0.05t

t = 20 ln 2 ≈ 13.86,

so a bit shy of 14 years.

6. Biological examples often follow exponential growth or decay. If a population or material follows the law
of uninhibited growth (or decay), you will use the formula

N(t) = N0e
kt

where k is the rate of growth/decay, t represents the amount of time that has passed, and N0 is the size of
the population initially.

7. Assume a population of a colony of mosquitoes obeys the law of uninhibited growth.

a) If there are 1000 mosquitoes initially and there are 1800 after 1 day, what is the size of the colony after
3 days?
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There will be 1000ekt, where k is the growth constant. The problem is that we don’t know k. However,
we can figure it out by plugging in t = 1: 1000ek·1 = 1800, so

ek =
1800

1000
= 1.8

k = ln 1.8.

Hence the growth is N(t) = 1000et·ln 1.8 = 1000 · 1.8t.

At t = 3, we get 1000 · 1.83 = 5832.

b) How long is it until there are 10,000 mosquitoes?

For this,

1000 · 1.8t = 10000

1.8t = 10

t = log1.8 10 =
ln 10

ln 1.8
≈ 3.917,

so a little under 4 days.

8. Typically, populations have a max capacity (carrying capacity), and these types of population models are

logistic models, and follow the formula P (t) =
c

1 + ae−bt
, where a, b, and c are constants.

9. Suppose a group of birds were introduced to an area. The population was expected to follow the following
growth model.

P (t) =
500

1 + 19e−0.1t

a) How many birds were initially introduced?

That’s P (0) =
500

1 + 19e−0.1·0 =
500

1 + 19
=

500

20
= 25.

b) As t→∞, how many birds are expected in the area? (This is the carrying capacity)

As t→∞, e−0.1t becomes vanishingly small. Then P (t) approaches
500

1 + 19 · 0
= 500, which is the limiting

population.
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c) What will be the population after 5 years?

P (5) =
500

1 + 19e−0.5
.
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