
Math 121 (Lesieutre); Review day 2; December 6, 2017

1. This problem deals with the polar graph r = 6 sin θ.

a) If θ = π
4 , what is r? Draw the corresponding point, and find its rectangular coordinates.

We just plug it in. r = 6 sin π
4 = 6

√
2
2 = 3

√
2 ≈ 4.24.

b) Choose a few angles θ, and use this to sketch the graph.

Here it is: (sorry, not on the same graph paper!)

c) Convert the formula to one involving x and y, and figure out how to plot it. Do you get the same thing? (Hint:
start by multiplying by r)

Let’s use the hint.

r = 6 sin θ

r2 = 6r sin θ

x2 + y2 = 6y.

That wasn’t so bad. But what’s the plot? We need to complete the square. Move the 6y to the other side to make
y2 − 6y. Notice that (y − 3)2 = y2 − 6y + 9, so we want to add 9 to both sides.

x2 + y2 = 6y

x2 + y2 − 6y = 0

x2 + y2 − 6y + 9 = 9

x2 + (y − 3)2 = 32

You might recognize that x2 + y2 = 32 is a circle of radius 3 centered at the origin. This is the same thing, except
shifted up by 3. So you get a circle of radius 3 centered at (0, 3), which matches our earlier picture.
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2. Consider the rational function

f(x) =
4x3 − 4x

x3 − 4x
.

a) Find the asymptotes (horizontal and vertical) and intercepts (x and y).

The first thing we need to do is factor. Always.

4x3 − 4x

x3 − 4x
=

4x(x2 − 1)

x(x2 − 4)
=

4x(x− 1)(x+ 1)

x(x− 2)(x+ 2)
.

Notice there’s an x both top and bottom. That’s going to create a hole at x = 0. For everything else, we can just
cancel it.

There are vertical asymptotes at x = 2 and x = −2 (coming from where the denominator is 0). There are x-
intercepts at x = 1 and x = −1 (coming from where the numerator is 0). There would be a y-intercept at y = 1,
except that there’s a hole at 0, so it disappears from the graph.

This does have a horizontal asymptote, because the numerator at denominator have the same degree. It’s at 4
1 = 4

(take the ratio of the leading coefficients).

b) Find ranges where the function is positive or negative, and use this to sketch a graph.

Now you want to split it up into regions to figure out where the function is positive, by plugging in a test value.
The regions are (−∞,−2), (−2,−1), (−1, 1), (1, 2), and (2,∞). I’ll save you the trouble and tell you that it’s
+,−,+,−,+.

Here’s the graph.

3. a) Graph the function y = 1
2 log4(x− 2). Are there any asymptotes? What is the x-intercept?

Here’s log4(x).
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We need to shift it right by 2, and compress it vertically by a factor of 1/2. Here it is:

There’s a vertical asymptote at x = 2, which doesn’t show up great on the plot.

The x-intercept happens where y is 0, so 0 = 1
2 log4(x − 2). That means that log4(x − 2) = 0, and so x − 2 = 1.

So the intercept is at 3, which matches the plot.

b) How would the graph change if you made this log5(x− 2)? (Hint: use the change of base formula.)

Remember that

log5(x2) =
log4(x− 2)

log4 5
.

So this can be written as

f(x) =
1

2
log5(x− 2) =

1

2

1

log4 5
log4(x− 2).

That’s a vertical stretch by a factor of log4 5, which is slightly more than 1.

c) What is the inverse function?

Switch x and y, then solve for y.

x =
1

2
log4(y − 2)

2x = log4(y − 2)

y − 2 = 42x

y = 42x + 2 = (42)x + 2 = 16x + 2.

4. Sketch a plot: y = 3 cos(3x−π) + 1. Identify the key features of the graph: what are the period, amplitude, etc?

You want to rewrite this as 3 cos
(
3
(
x− π

3

))
.

The amplitude A is 3. The phase shift is π
3 to the right (compared to regular cosine). The period is 2π

3 . The
midline is 1.

I would graph this in two stages: first do 3 cos(3x) (without either the vertical or the horizontal shift), and then
shift right by π

3 and up by 1.

Here’s the first plot:
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and the second:

5. Give a possible equation for the polynomial whose graph is shown below.

Ther are zeroes at −1 (mult 2), 1 (mult 1), and 2 (mult 1). So it’s going to be something like

f(x) = a(x+ 1)2(x− 1)(x− 2).

What’s a? Well, we can use the intercept to find out. f(0) = 6, and plugging in we get f(0) = a(1)2(−1)(−2) = 2a.
So a = 3, and our function is

f(x) = 3(x+ 1)2(x− 1)(x− 2).
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6. Sketch a plot: f(x) = cot(2x),

You want to take regular cotangent and compress it by a factor of 2. (If you don’t remember regular cotangent,
you can come up with it by plotting sine and cosine and taking the ratio.)

Since cotan has period π, this has period π/2.

7. Two cell phone towers are located 3 miles apart, one due east from the other. The western station detects a
phone at 15◦ north of east, while the eastern one sees the same phone at 25◦ north of east. How far is it from the
phone to the closer of the two stations?

Here’s the situation I was trying to describe.

3
15◦ 25◦155◦

Now, you could use either the law of sines or the law of cosines at this point. Since we know two angles, it’s never
a bad idea to figure out the third one right off the bat: it’s 180◦ − 155◦ − 15◦ = 10◦.

It’s the side on the right that we want to know about. Let’s call it a. The law of sines now gives me

sin 15◦

a
=

sin 10◦

3

a =
3 sin 15◦

sin 10◦
≈ 4.471.
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